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Let W(X) ,= e~Q(", x E R where Qed is even and continuous in R Q" IS

continuous in (0, xl, and Q' > 0 in (0, xl, while for some A, B > 1.

x E (0. x).

Let p,,(Wc, xl denote the 11th orthonormal polynomial for the weight Wced,
x.,,(WCI the kth zero of p,.(W c• x), and 1.,,(xI the fundamental polynomials.
Moreover let an denote the nth Mhaskar-Rahmanol'-Saff numher for Q and let
{T E (0, I I. Then we show that the nth weighted Lehesgue function satisfies
uniformly for Ixl <:;ao",

or

W(x) L I/.n(x)IW~I(x.,,)(1 + Ix."I)~"
k ~ 1

where a 2: 0 and a ,= min{t, a}. We also modify this result 10 the whole real line.
1'(': 1994 Academic Press, Inc.

1. INTRODUCTION AND RESULTS

We consider W:= e- Q , where Q: IR ~ IR is even and continuous III IR,
Q' > 0 in (0,00), Q" is continuous in (0, x), while for some A, B > 1,

A ~ [~ ( xQ' ( x)) ] / Q' ( x) ~ B,
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X E IR:. ( 1.1)
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We call such a W a Freud Weight. An archetypal example is

f3 > 1.

Corresponding to W 2 is a sequence of orthonormal polynomials {p,,(x)},
where

p,,(x) :=pAW 2 ,x) = y"x" + "',

is the nth orthonormal polynomial of W 2 and y" > 0 IS its leading
coefficient. The zeros of p)x) will be denoted by

-oc<x",, <x,,_I.,, < ... <x 2" <x,,, < +:Xl

arranged in increasing order.
Let f: IR ~ IR be a continuous function such that

lim If(x)IW(x)(1 + Ixl)" = 0,
lxi-x

( 1.2)

for a z O.
We define the error of polynomial approximation to f from the space

..9'" _ I of all polynomials of degree at most n - I by

E,,( f) :=

and so there exists a unique P* E YJ" _, sueh that

E,,( f) = Ilu - P*)( x)( I + Ixl) "W( x) 11/)1<>

since YJ" _ I is finite dimensional (cf. [I, p. 108]).
Let L)fl E YJ" _I denote the Lagrange interpolation polynomial to fat

the zeros of p,,( x). Then

IU- L,,[f])(x)IW(x)

"s E,,(f)(1 + Ixl)-" + W(x) L 11k,,(x)IIU- P*)(x k,,)!,
k~ I

where
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are the fundamental polynomials associated with W 2• We then have

IU - L,.(f])(x)W(x)1
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n

~ E,,(n(l + Ixl)-" + E,,(nW(x) L I/k,,(x)IW- 1(Xk,,)(1 + IXk"l)"
k~1

( 1.3)

We thus define the nth Lebesgue function associated with the rate of
decay in (1.2) by

n

An(x):= W(x) L 11kAx)IW-1(xkn)(1 + Ixknlr"· (1.4)
k~1

Our objective in this paper is to determine the correct bounds for /1,,(x)
on the whole real line. Freud in [2, 3] studied the Lebesgue functions
associated with compactly supported distributions and the Hermite Weight
exp( - x 2/2), respectively. Nevai on the other hand established bounds of
Lebesgue functions for the Laguerre Weight in [7] and then generalized
his work to cover Laguerre, Jacobi, and Hermite Weights in [8]. For more
work on this subject the reader can also refer to Szabados and Vertesi [9]
and Knopfmacher [4], wherein bounds on Lebesgue functions were given
for a subclass of the weights considered in this paper.

This paper deals with the bounds of Lebesgue functions associated with
the same class of Freud Weights as studied by Levin and Lubinsky in [5].
To state our result we need some notation:

(1) Throughout, L, C, CI' C2 , ••• are positive constants independent
of n and x E IR. The same symbol does not necessarily denote the same
constant in different occurrences.

(2) We use - notation in the following sense:

f(x) -g(x)

if there exist positive constants C 1 and C2 such that for the relevant range
of x,

(3) For u > 0, the uth Mhaskar-Rahmanol'-Saff all is the positive
root of the equation

( 1.5)

640/79/3-6
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(4) For a ;:::: 0,

Ii := min{1, a},

{
Ixl }!/In(x):=max n- 2

/
3,1-_,

an

log* ( x) := { 1,
log( x),

(5) We set

11 ;:::: 1, X E IR,

a*1
a = 1.

(1.6)

( 1.7)

( 1.8)

and x n+ l • n :=x"n(1 + n- 2
/

3
). (1.9)

Our main result is the following theorem. Recall that !/J", log*, and Ii
are defined by (1.6)-(1.8).

THEOREM 1.1. (a) There exists no and C 1,C2 such that for 11 ;:::: 11 0 and
Ixl ::; 2a",

/1 n (x) ::; C,(I + Ixl)-"

+ CI~IPnWI(x){(1 + Ixl)-"!/J,,(x)I/4Iog[2112/"!/Jn(x)]

+(1 + Ixl)-"log*n}. (1.10)

::;C2(1 + Ixl)-"log[2n 2
/

3!/Jn(x)] +C211 1
/

6 (1 + Ixl)-alog*n.

(1.11)

(b) Let (T E (0, I). There exists 11 0 and C3 such that uniformly for
11 ;:::: 11 0 and Ix I ::; (Ta,p

/1 n(x) - (I + Ixl)-" + VllnlpnWI(x){(l + Ixl)-"Iogn + (1 + Ixl)-"}

( 1.12)

::; C3 ( 1 + Ixl) -a + C,( 1 + Ixl) -(( log n. (1.13)

(c) There exists no such that uniformly for n ;:::: no and Ixl ;:::: 2an,

(1.14)

Remarks. (I) ObselVe that we don't have - for (Tan::; Ix I ::; 2an' In
fact our proof shows that if k(x) = k(x, n) is such that xk(x).n is the



BOUNDS FOR LEBESGUE FUNCTIONS 389

closest zero of p,,(x) to x, (and we define x_ 2,,,,X_ 1,,,,X,,+2,,,'X,,+.1,,,
much as at 0.9» then uniformly for n ~ I and Ixl ~ 2a,!,

/l,,(x) - W(x) 1": Ilk,,(x)IW-1(xk,,)(1 + Ixk"I)-n
k E [k(x) - .1, kId + .1]

- JaJp"WI( x){ (l + Ixl) -"!/J,,( x) 1/4 10g [ 2n 2/ .1!/J,,( x) I
+ (l + Ixl) -(; log* n}. (1.15)

It is only the "closest terms" for which we cannot provide a suitable lower
bound.

(II) An interesting feature occurs for 11- Ixl/a,,1 S 0/- 2
/.1. For

this range !/J1l(X) - n- 2/ J
, and (1.1]) becomes for a *- I,

in view of known bounds on Ip"WI(x) (see (2.7) and (2.8) below). So the
characteristic factor of log n disappears for x close to a".

2. PRELIMINARY RESULTS

The proof of the main result is a consequence of a number of lemmas.

LEMMA 2.1. (a) For n ~ 1,

I :1~1 - 11 s en -2/.1

and uniformly for n ~ 3 and 1 s k s n,

(b) Uniformly for 1 s k ~ n - I and n ~ 2,

(c) Q'( x) is increasing in (0, oc) and given 0 < a < f3 <x,

(2.1 )

( 2.2)

(2.3 )

n
Q'(x) - -,

a"
uniformly for x E [aa",f3a ll ]. (2.4 )
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Proof (a) This is Corollary 1.2(a) in [5].

(b) This is Corollary 1.3 in [5].

(c) This is Lemma 5.Hc) in [5]. I

LEMMA 2.2. (a) Uniformly for n ;:>: 1, 1 :0; k :0; n, and x E IR,

(b) Uniformly for n ;:>: 1, 1 s k s n, and x E IR,

(c)

(2.5)

(2.6)

(i)
I

I 1,1
/4

suplpIIWI(x) 1 - ~ - a,~1/2.
xEI< all

( 2.7)

(ii) sup IplIWI (x) - nl/()a,~ 112.
x E I<

( 2.8)

Proof Parts (a) and (b) are Lemma 2.6 in [6]. Part (c) is Corollary 1.4
in [5]. I

We now turn to A,/X). Let x k (x).11 denote the closest abscissa to x. We
can assume x;:>: O. Now choose 0 > 0 small enough and M > 0 large
enough such that

This is possible because of (2.2).
We then split AII(x) as follows: Let

'-{'I I an -1/2 }.,51"2'- k. X -Xkn E -;;r/!n(X) (o,M),

( ._ { . all -1/2}y\.- k.lx-x kr,I;:>:M-;;r/!II(x) .
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i1,,(x) = P:::Y
1
+ L/

2
+ L/JW(X)ltkn(x)IW(Xkn )-I(1 + Ixknl)-a

=: L1(X) + L 2(X) + L 3(X).

Next we estimate each sum.

L/X). Observe that because of the spacing (2.2), L] has a finite
number of terms. Using (2.6) we obtain

L](X) ~ c L (1 + Ixknl)-a
kE,/',

(2.10)

which is an easy consequence of (2.2). From (2.2) it follows that for
2 ~ k ~ n - 1,

t E [Xk+1,n' Xk - 1.n). (2.11 )

Now it is known that if x E [Xk+l.n,Xkn], for some 1 ~ k ~ n - 1, then
(see [9, p. 76])

Assume for simplicity that k = k(x) (if not, then x E [x kn , Xk-L,,] and
the argument is similar). Then

k(x)+ ]

W(x) I: !lj,,(x)IW- 1(x jn )(1 + Ixjnlr
a

j~k(x)

k(x)+ I

W-1(Xk(X)+I.,,)} L !IJn(x)!
J ~k(x)

by the abovementioned inequality.
Now if Ixi ~ (Tan' then for n large enough, the spacing (2.2) gives

an
xkn -Xk+1 n--. n
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so that for j = k, k + I, and some ~ between x, Xj'"

a
< i)'( )C ~- ~ a" I

11

by Lemma 2. J(e). Then for j = k, k + I,

uniformly for Ix I ~ (Ta II' SO the above inequality becomes

/;(r)+ ,

W(x) L l'j,,(x)IW-'(xj,,)(1 + Ixj"I)-u
J~/;(rl

Ixi ~ (TO". (2.12)

In particular, if LICd contains the terms in the last sum, we obtain from
(2.10) and (2.12) that

Ixl ~ (Ta". (2.13)

L 2Cd. Observe that for M > 0 large enough but fixed, the number of
terms in the set

,{ a" _ 1/2 }.'/2:= k: Ix -xhl E -;;l/J,,(x) (8,M)

is bounded independently of x and n. Also l/J,,( x)- l/J/ x /;,,) and
(l1/a)l/J,,(x)'/2Ix - x/;"I - I. Using (2.5) we obtain, if the sum is non
empty,

r::-I I 1/4 I I -u- va" P"W (X)l/JII(X) (I + x) . (2.14)

i" := [x ll + 1.11' xo,,] \ [X/;(x)+3.", X k (x)-3.,,]·
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From (2.9) it follows that

[ ] (
a" -1/2 a" -1 / 2)

X,,+I ",XO" \ x - M--!/J,,(x) ,x + M-!/J,,(x) cillo. n n

We then estimate

XJ.."EJ"

instead. First note that from (2.5) and then (2.2),

393

- ;a:lp"WI ( x) L
k<;!'[k(x)-l. k(x)+l]

-- 1/4
, " a" !/Jil ( Xk" )
L 1(x) - vo"lp"WI(x) L..

k<;!'[kCd-.l.k(x)+3] n Ix - xkn!(1 + IXk"l)

(Xk _l." - Xk + 1.1l)!/J,,(Xk,,) 1/4

Ix -Xk"I(1 + Ixk"I)"

Now as k rt [k(x) - 3, k(x) + 3],

Ix - x kn! - Ix - (I,

This follows from

(E [Xk+I.Il,Xk-I.Il]'

I
X-Xk"l::; Xk-I,,-Xk+11l1+ . '::;c.
x-( x-x kll

The lower bound is obtained in a similar way. Thus we have

where ill is as defined earlier and we set

Xrl+.',fl = X n + 2. fl = X,,+I,ll and

We have also used (2.11) and similar relations for Ix - (I.

Now we turn to the estimation of

We consider 6 ranges of x.

(2.16)
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LEMMA 2.3. Let x E [0,2]. Then for n ~ flo, no large enough and
independent of x,

1 - log n.

Proof

1 - f 1/lx - tl dt + {"o/,,(t)'/4 t - a - 1 dt
J"n[ -4.4) 4

I {
log n, a = 0

- og n +
1, a> 0

-~gn. I

LEMMA 2.4. Let x E [2, (3/4)a,,]. Then

1- (I + Ixl)-a 1ogn + (I + Ixl)-<i.

Proof Now for t E {It I ~ <7/8)a,,} nJ",

and so

1 + It I - It I and Ix - tl - It I,

- f t- a- I dt
[(7 /X)u". (X/lJ)u"l

-a--- an .

Furthermore,

- f (1 + Itl)-a/ lx - tldt,
{!t!";(7/X)u,,lnJn

since o/n( t) - 1 for this range of t.
Observe that

{It I :$ (7/8)a,,) n J" = {It I :$ (7/8)a n ) \ [xk(X)+J.,,' xk(x)-J.n]'

Now we split this set into J(l), for I = 1,2,3, where

t E J(I) = It I :$ Ixl/2,
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and thus

Ix - tl - Ixl.
8

t EJ(2) = It I ~ 71xl,

and thus

Ix - tl - It I

and

1 8
t E J(3) = -Ixl < It I < -lxi,

2 7

and thus

It I - Ixl.

First,

121 :=/ (1 + Itl)-a/lx-tldt
J(i)

1 / a- -II (1 + It I) - dtx J(i)

1- _fIXI/\l + t) -a dt
Ixl 0

- lxi-a log* Ixl.

(Recall the definitions 0.6) and 0.8) of a and log* n.)

395

- fc:~7),xt-a-' dt - {;~~'a,,/2X)'

~C3{(1+IXI)-a, 0'>0
log n, a = 0

~ C4(1 + Ixl) -a log n.

0'>0
0'=0
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/2.1:= I (I + Itl)-"/Ix - tldt
p_"!')

- IXI"1 I/Ix - tl dt
J(')

- 1,,1-"] I/Ix - tldt
[x/2. 2.r]\!Xk(,)' ,~,II.XAI\) J./I]

-Ixl-"] .. I/II-slds
[1/2.2]\[.> '1'1 'I,,!x ..r '1" 1,,/> ]

( (
x/2 ) ( x ))- Ixl" log + log

x - x k (x)t.1.11 Xkl.Il-.l.11 - X

- Ixl "log 11

I

I - X k(l)+.l. 11 1 =I x
-X kIX )+3.1I1{:S; (:~a,,/1I

x x ~ Cj1l

ai'l

a=1

sinee X kIX )-3.11 - x k (X)+.1.11 - all/II, for x E [2,O/4)a,,).
So

/ = /, + /2

- a,~" + (I + !xl )'" log* Ixl + 0(( 1 + Ixl) -" log 11)

+ (I + Ix I) -" log 11

(
(I + Ixl)'" + (1.+ Ixl)-"Iogn,

(I + Ixl)-"Iogn.

-(I+lxl) "logn+(I+lxl)-". I

Now Lemmas 2.3 and 2.4 and Eqs. (2.15) and (2.16) yield;

LEMMA 2.5. For x E [O,O/4)a
ll

],
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LEMMA 2.6. Let x E [(3/4)a II' an< 1 - Ln - 2/.1)], where L > 0 is so large
that X," ~ allO - Ln - 2/.1). Then

Proof In this case we have

1 - (x/all) ~ 1/4

Here

and 1 - (x/all) ~ Ln- 2/.1.

1,:= 1 1/111(1)1/4(1 + Itl)-u/ lx - tldt
(- x, a,j/2)nJn

since Ix - tl - all"

Thus

+0-
11 (1+ltlfUdt]

[-a,,/2, a,,/2]

Now

Therefore

and /.12 - a,~(i log* n.

I, - a,~;' log* n.
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Next we deal with
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- a/~"1 t/J,,(I)I/4/ lx - II dl
[al//2, XO/l]\[X k(.\ l + .'.11' Xk{ \} -', /I]

/ Ix - II dl

=a/~"l (max{n- 2/"I-s})1/4
[1/2. xo,,/anl\[.rk( l) + 3. "Ill". Xkp J .1, f//af/]

/I( x/all) - s Ids

= a/~" f (max{n- 2
/" (I - (x/a ll »)e})I/4/ le - II dc, (2.17)

K n

where we have used the substitution I - s = (I - x/an)/' and

[
I - (xO/,!aII ) I ] \

K II
:= I - (x/an) , 2(1 - (x/all»)

[
1- (X k(x)+3.I1/all) , 1- (X k(x)-3,n/all) J.

I - (x/all) I - (x/all)

Now

j
l (x /a)1 ( n-

2
/

3
)

- Oil II = a = a ( I / L) < I /2
I - (x/all) I - (x/all)

for L sufficiently large.
Then we can continue (2.17) as

- a/~Cf f (max{n- 2
/

3 ,(1 - (x/a ll »)v})I/4/ lc - Iide
K"n(->O,1/2]
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Note that (x/a,,) ~ 3/4 and so 1/2(1 - (x/a,,» ~ 2. Now consider

141 , Now L' E K" n (-00,1/2] = It' - 11 - 1. So

141 - a;;a f (max{n- 2/3, (1 - (x/a,,»)e})I/4 de
Kn n(-x,I/2]

-a [1 11 - (xlln/anll/(l- (x/an» - L/6 d
- a" n L'

o

+t/2
[(1 - (x/a,,»)I,]1/4 dl']

II-(xll,,/anll/(l-(x/an»

_ -a _1/61 1 - (xo,,/a,,) 1+ C -a(1 _ ( / »)1/4
a"n 1-(x/a,,) 7

a" xa".

But now

-a _1/61 1 - (xo,,/a,,) I < C -a(1 _ ( / »)1/4
all n () _ Ha" x a" .

1 - x/a"

Thus

141 _ a;;a(1 - (x/a,,»)1/4.

142 , We have (1 - (x/a,,»e - 1 - (x/a,,), and so

399

= a-at/! (X)L/4f 1/\1' - 11 dl'
"" [ 2] [I-(Xk(,,+-,.n/an) I-(Xk('l~-,.n/an)]

1/2.31 \ I-(x/an) , I-(x/an)

= -af/J ( )1/4[ f
a" "x JI[I/2. 1.-(Xk(XI+.1.n/an)]

I-(x/an}

+f ]1/1L'- l ldL'JI[ 1-(Xk(x)-.1.n/a n) ,3/2]
I-(x/an}

[ [
1 - (x/a) ]

_ -a,l. ( )1/4 1 "- a" '1'" x og
2(xk(Xl-3,,, - x)/a"

[
1 - (x/a,,) ]J+Iog .

2( x - Xk(Xl+3,,,)/a,,
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_ 11=1 (x -Xk±."")/a,, 1_ (Xk+l." -Xk ±3.")/a,,
1 - (x/a,,) I - (x/a,,)

lP,,(xr l
/

2 (I - (x/a,,»)-3/2

n(1 - (x/a,,») n

as [I - (x/a)] ~ Ln- 2/.' for x E (X k+I,'" Xk- I.) and

[I - (xk-\:2.,,/a,,)] - [I - (x/an)]'

It follows that

Now n2/ 3tfi,,(x) ~ L. Thus 142 > 141 and so

141 + 142 - a/~"tfi,,( x) 1/4 1og[2n 2/ 3l/J,,( x)] .

Furthermore,

= a/~"[1 - (x/a,,)]1/4f. 1'-3/4dl'
K" n[3/2. oo )

as l' E K" n [3/2,00) = u - 1 - I'. Hence

143 - a/~"tfi,,(x)I/41'1/4 2[1 - (x/an)]

3/4

- a,;-"tfin(X)I/4[tfi,,(X)-1/4 - (3/4)1/4]

since tfi,,(X)-1/4 - 1 - tfi,/X)-1/4. Thus

14 = 141 + 142 + 143

- a/~"{[1 - (X/an)]1/4 + tfi,,(x)I/41og[2n2/3tfi,,(x)] + I}
- a/~"tfin( x) 1/4 1og [2n 2/ 3tfi,,( x)].
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I = I.~ + 14

-ci I * -".1, ( )1/4 1 [2 )/~.I, ()] I- an og n + a" 'l'n X og n~' '1'" X .
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Now from Lemma 2.6 and Eqs. (2.15) and (2.16) we obtain

LEMMA 2.7. For x E [O/4)a", an(l - Ln -2/.1)], L > 0, large enough,

t,( x) - Va-;lpnWI (x) {a -ci log* n + af~"l/Jn( x) 1/4 Iog [2n2/ .1 l/Jn( x)]}.

Remark. ObselVe that for Ixl ~ O/4)a", I/J,,(x) - 1 and n2/ .1I/J,,(x) 
n 2/ .1 . So

Thus for Ixl ~ O/4)a", we can recast Lemma 2.5 as

t.1(x) - /a~IPnWI(x){(1 + Ixl)-"I/J,,(x)I/4Iog[2n2/.1l/Jn(x)]

+ (1 + Ix I)" log* n}.
Thus we have

LEMMA 2.8. Let Ixl ~ aJI - Ln -2/.1). Then

t.1(x) - /anIPn,WI(x){(1 + Ixl)-"l/Jn(x)I/4Iog[2n2/.1I/J,,(x)]

+ (1 + Ix I) -ci log* n}.
LEMMA 2.9. Let 11 - (x/an)1 ~ Ln -2/.1, L > 0 large enough. Then

t.1(x) - va,.-IPnWI(x){(1 + Ixl)-"l/Jn(x)I/4Iog[2n2/.1I/J,,(x)]

+ (1 + Ix I) - ci log* n}.

Proof Here we write

+ f I/Jn(t)1/4(I + Itl) -"/Ix - tl dt
lnn[a"/2,2a,,l

=: Is + I/)

since all the zeros of p,,(x) are inside [-2an,2a,J
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Now for t E in n [-a,,/2, a,,/2], !/In(r) - 1 and Ix - tl - an' So

15-a,~lf (1+ltl)-a dt
J" n[ -u,,/2. u,,/2l

-<iI *- an og n.

Next consider I h • For this range we have t - an' Thus

+a,~af . > _21.1!/Jn(t)I/4/Ix-tldt
J"n[a,,/2.2u,,Jn{t.lu/u)-11_2Ln }

=: 161 + 162 ,

Here for large enough n

Next

I( tlan) - 11 ~ 2Ln- 2
/

3

= Ix - t I = an 1[1 - (t I an)1- [1 - (x I a,,) 11 ~ a,,11 - (t I a,,) 1/2
as 11 - (xla,)1 ~ Ln- 2

/
3 ~ (/2)11 - (rla,)I. Hence

162~ClOa ".If (max{n- z/ J ,I-(t/a,,)})1/4/
J" n[a,,/2. 2a"J\{I: I(//u,,)- II", 2L" -'I\}

II - (t / an) Idt

=Ca-"! 11-5!-J I 4 dsIJ fl •

l"/a,,
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as (I - s) - ~/4 is integrable. Hence

1 - a I~'; log* 11 + I hl + Ih2

- aI~'; log* 11,

and thus

t,(x) - va~~lpI/WI(x)a,~'; log* 11

- ~lpI/WI(x){(1 + Ixl)'''t/J,,(x)I/41og[2n2/~t/JI/(x)]

+(1 + Ixl)-'; log* n}

since t/J,,(x)I/4Iog[2n2/~t/J,,(x)1= O(n-- I/ h log n) = 0(1). I

Consequently Lemma 2.8 and Lemma 2.9 yield

LEMMA 2.10. For Ix I :$ a,,(I + Ln - 2/~), L > 0, large enough,

t~( x)- Va"lp"WI( x){ (I + Ixl) --"t/JI/( x) 1/4 Iog [2n2/~t/J,,( x)]

+ (I + Ix I) -" log* n}.
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LEMMA 2.11. Letx E [a,,(I + Ln- 2/"),2a,J, L > 0 large enough. Then

t,(x) - ~lpI/WI(x){(1 + Ixl)-"t/JI/(x)I/4Iog[2n2/'t/JI/(x)]

+ (I + Ix I) -,; log* n}.

Proof If L is large enough, we have Ix ken +~.) :$ a1/(1 + LI1 - 2/~).

Then

= f t/J1/(t)I/4( I + Itl) -"/Ix - tl dt
[0. a,,12)

+1 t/J1/(t)I/4( 1 + Itl) -"/Ix - tl dt
[a,,12. x",,]

=: /7 + I H•

640,79,'3-7
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/7 - a,~l f''/\I + t)-" dt
()

- a,~ ,; log* n.

Now if L is large enough, we have for t E [a,,/2, xo"l, that

Ix - t I ~ x0,,( I + n - Z/3) - t

~ XII" max{n· Z
/

3
, I - (tlx ll ,,)}

~ CIZa" max{n- Z
/

3
, I - (fla,,)}

= C1za"I/J,,(t)

in view of (I.9) and (2. I). So

C -"-11 ./, ( )-3/4 d~ 14a" '1'" t t
[u,,/2. X[),,]

1 Z , - 3/4
=C I4 a';-" (max{n-/',I-s}) ds

[1/2. xo,.!u,,]

Thus

/ - a,~ ,; log* n.

Also in this case,

Therefore

t.,(x) - Va"lp"WI(x){(l + Ixl)-"I/J,,(x)I/4Iog[2nz/"l/!,,(x)]

+(1 + Ixl)-alog*n}. I

LEMMA 2.12. There exists no such that uniformly for n ~ no and
x E [2a",oc),
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Proof Recall that all the zeros of p/x) lie in {x: Ixl =:; 0,,0 +
Ln - 2/J)}, for some fixed large L > O. So for n large enough,

uniformly for 1 =:; k =:; n, and x ~ 20".

Then (2.5) gives uniformly for x ~ 20",

As in our estimate for t J , we deduce that

r:;- I jX"" 1/4 -n
i1,,(x) - vo"lp"WI(x)~ X,,+' "l/!,,(t) (1 + Itl) dt

.... 1
- vo"lp"WI (x) ~o~l-a log* n,

exactly as in Lemma 2.6. I

3. PROOF OF THE RESULT

Proof of Theorem 1.1. (a) For Ixl =:; 20", (2.10), (2.14), and Lemmas
2.10, 2.11 give

A,,(x) = LI(X) + Lz(X) + LJ(X)

=:;C\(I+lxl)-a

+ C 1Vo"IPnW1 (x)l/!n(x)I/4(1 + Ixl)-a

+ C,VonIPnWI(x){(l + Ixl)-al/!n(x)'/4Iog[2nz/Jl/!,,(x)]

+(1 + Ixl)-a log* n}. (3.1)

Since 2n z/ Jl/!n( x) ~ 1, we see that the middle term of the sum may be
omitted, and we obtain (1.10). Since (2.7), (2.8) show that

(3.2)

and

(3.3)

we obtain also (1.11).
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(b) For Ixl ~ (Tal/ the sums L:, and L: 2 are non-empty because of the
spacing (2.2), if /) and M are suitably chosen. Then (2.12), (2.14), and
Lemma 2.10 give 0.1) with ~ replaced by -. Moreover for this range,

l/!I/( x) - 1

and we obtain (I.12): We no longer need log* 11 because if a = 1, the
log 11 is already present. Using our bounds 0.2) for PI/( x) gives (1.13).

(c) This is Lemma 2.12. I
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